Abstract-High-power and high-speed motor drives have only a few switching transitions in each line cycle. Pulse width modulation (PWM) waveforms with positive voltage transition at the positive zero crossing of the fundamental voltage (type-A) are generally considered for PWM waveform with an even number of switching angles per quarter, whereas waveforms with negative voltage transition at the positive zero crossing (type-B) are considered for an odd number of switching angles per quarter. Optimal switching angles to minimize the total harmonic distortion (THD) in motor current are reported for both type-A and type-B waveforms of pulse numbers (P ) of 5, 7, 9, and 11. Based on simulation and experimental studies on a 3.7 kW induction motor (IM) drive, optimal type-A and type-B PWM methods are shown to be better than each other in different modulation ranges for each pulse number. The space vector based analysis of optimal type-A and type-B waveforms brings out the optimal vector sequence at any modulation index for a given P . Findings of the space vector based analysis lead to a new approach for determining optimal switching angles with much reduced computational effort. Compared to sinetriangle PWM, deployment of optimal vector sequences in an IM drive, having a maximum switching frequency of 250 Hz, leads to significant reduction in both THD of line current as well as motor losses over a wide range of speeds and load conditions. Index Terms-Harmonic analysis, harmonic distortion, induction motor (IM) drive, off-line pulse width modulation, optimal pulse width modulation, space vector, voltage-source inverter.
Optimal switching angles to minimize the total harmonic distortion (THD) in motor current are reported for both type-A and type-B waveforms of pulse numbers (P ) of 5, 7, 9, and 11. Based on simulation and experimental studies on a 3.7 kW induction motor (IM) drive, optimal type-A and type-B PWM methods are shown to be better than each other in different modulation ranges for each pulse number. The space vector based analysis of optimal type-A and type-B waveforms brings out the optimal vector sequence at any modulation index for a given P . Findings of the space vector based analysis lead to a new approach for determining optimal switching angles with much reduced computational effort. Compared to sinetriangle PWM, deployment of optimal vector sequences in an IM drive, having a maximum switching frequency of 250 Hz, leads to significant reduction in both THD of line current as well as motor losses over a wide range of speeds and load conditions. Index Terms-Harmonic analysis, harmonic distortion, induction motor (IM) drive, off-line pulse width modulation, optimal pulse width modulation, space vector, voltage-source inverter.
I. INTRODUCTION
A N INDUCTION motor (IM) drive operating at high power levels has high energy losses in the semiconductor devices due to high current levels [1] - [14] . Hence, for reliable operation of semiconductor devices, the switching frequency should be restricted [11] , [12] . Furthermore, limiting the device switching frequency enhances the power handling capability of the converter [12] . Manuscript The IM drives are also employed in high-speed "more electric" engines (35 000-220 000 r/min rated between 2 and 150 kW), grinders (300 000 r/min), air compressors and blowers (15 000-80 000 r/min at power levels ranging from 100 to 500 kW) [15] . It is reported that voltage-source inverter-fed IM drives are favored over other types of machines in highspeed applications of speeds up to 100 000 r/min and power levels up to 2 MW [15] . In fact, the IM drives are also replacing high-speed combustion engines (≥ 10 000 r/min) of power levels above 2 MW thanks to low maintenance, improved efficiency, and reduced emissions [16] . A recent survey discusses high-speed machines rated between 5 and 50 kW, operating at speeds ranging from 10 000 to 500 000 r/min [17] . The corresponding range of fundamental frequency is between 167 and 1500 Hz [16] - [26] .
Thus, the switching frequency is low in high-power drives whereas the modulation frequency is high in high-speed drives. Therefore, the ratio of switching frequency to fundamental frequency, commonly known as pulse number (P ), is low in highpower drives as well as in high-speed drives [17] . In such cases, the pole voltage has very few switching transitions in a line cycle. Consequently, the total harmonic distortion (THD) in motor current is quite high [9] , [14] , [27] . Fig. 1 shows two typical pole voltage waveforms (v RO ), measured between the R-phase terminal and the dc bus midpoint O, and having only a few switching transitions in each cycle. Both waveforms possess half-wave and quarter-wave symmetries [9] , [14] , [27] . Apart from the switching transitions at θ = 0 o and θ = 180 o , there are two switching angles (i.e., α 1 and α 2 ) in each quarter cycle (i.e., N = 2) in both waveforms. Both waveforms have pulse number P = 5, where P = (2N + 1).
The pole voltage waveform in Fig. 1 (a) has a switching transition from
at the positive zero crossing of the R-phase fundamental voltage, i.e., θ = 0 o . This is termed type-A PWM waveform. On the other hand, the pole voltage waveform in Fig. 1(b) switches from at θ = 0 o . This is termed type-B PWM waveform. To design a highperformance pulse width modulation (PWM) scheme for any pulse number P , the motor drive engineer has to decide between type-A and type-B waveforms. In literature, type-A waveform is considered better for even N , whereas type-B waveform is considered better for odd N [27] . This work shows that optimal type-A and optimal type-B are superior to one another in different ranges of modulation for any (odd or even) value of N , explains this from a space vector perspective, and identifies the optimal vector sequence at any modulation index for a given low-valued N or P .
Section II explains the procedure for determination of optimal switching angles to minimize THD for both type-A and type-B waveforms. The optimal switching angles are reported for the whole modulation range for pulse numbers of 5, 7, 9, and 11. Section III compares the performances of optimal type-A and optimal type-B PWM methods through simulations and experiments on a 3.7 kW IM drive operated with constant V /f control. The combined optimal PWM employs the better one between the optimal type-A and optimal type-B at any modulation index and pulse number. The combined optimal PWM is further compared with selective harmonic elimination (SHE) PWM [27] , [28] and sine triangle (ST) PWM having the same pulse numbers.
The optimal type-A and optimal type-B PWM methods are analyzed from a space vector perspective in Section IV, leading to identification of optimal vector sequences for different modulation ranges at each pulse number. Based on the analysis, an alternative method to determine the optimal switching angles with much reduced computational effort is proposed in Section V. Section VI proposes a hybrid optimal PWM to minimize the motor current THD in an IM drive, where the maximum switching frequency is restricted to 250 Hz. The performance of the proposed optimal PWM is compared experimentally with that of ST PWM at different speeds and loading conditions in terms of waveform quality and power loss in the motor-generator set.
II. OPTIMAL TYPE-A AND TYPE-B PWM
When operating a motor drive at low pulse numbers, optimal PWM is usually employed for minimization of THD in line current (I THD ) at any given modulation index (M ) [4] , [6] , [9] , [13] , [14] , [27] , [29] , [30] . I THD is defined as [9] , [14] 
where I RMS is the RMS line current; I 1 is RMS fundamental line current; I n is the nth order harmonic RMS current. Usually, the no-load THD is considered as a performance measure [31] , [32] since this represents the worst case. Alternatively, one could consider the total demand distortion of motor current (I TDD ) as the performance metric. This is nothing but I THD under full load given as [33] , [34] 
where I FL is full load RMS fundamental line current. However, I THD and I TDD are dependent on machine parameters. Hence, an equivalent quantity, namely, the weighted THD of line-to-line voltage (V W THD ) [9] , [14] , [27] , [32] is considered here for minimization. V W THD of line-to-line voltage is given as [9] , [14] 
where F 1 is the peak fundamental voltage and F n is the peak nth harmonic voltage. For type-A and type-B waveforms, the peak values of the nth harmonic voltage, i.e., F n,A and F n,B , are expressed as follows:
where V dc is the dc bus voltage [29] ; α 1 , α 2 ..., α N are the N switching angles in a quarter cycle. The optimal switching angles α * 1 , α * 2 ,...,α * N of type-A waveforms are selected so as to minimize V W THD as defined by (3) and (4), subject to the modulation index constraint in (6) and the switching angle constraint in (7). The modulation index (M ) should be equal to the desired modulation index M * , as shown by (6) , where M is the peak fundamental voltage normalized with respect to 
Similarly, for type-B waveform, the optimal switching angles are determined in order to minimize V W THD defined by (3) and (5), subject to the constraints in (6) and (7), for the four pulse numbers. The optimal switching angles are plotted for type-A in Fig. 2 and type-B in Fig. 3 for P = 5, 7, 9, and 11. Fig. 4 shows a photograph of the experimental setup used in this paper. A three-phase, 400 V, 3.7 kW, 1460 r/min, 50 Hz, star/delta squirrel-cage IM is used whose parameters are given in Table I . The motor is driven by a three-phase, 10 kVA inverter with open-loop V/f control. FPGA-based CYCLONE II controller board is used to control the converter. The dc bus voltage (V dc ) is maintained at 515 V using a three-phase diode bridge rectifier with an autotransformer at the input side. The complete model is simulated on MATLAB/Simulink with a standard IM model [35] - [37] .
A. Comparison of Optimal Type-A and Optimal Type-B
The optimal type-A and optimal type-B PWM solutions are compared in this section in terms of V W THD and I THD .
1) Line Current Waveform:
The measured line current waveforms under no-load condition for a pulse number of 9, pertaining to type-A and type-B waveforms, are shown in Fig. 5(a) and (b), respectively. The corresponding results for P = 11 are presented in Fig. 5 (c) and (d), respectively. (The simulation and experimental results pertaining to P = 5 and 7 have been presented in the conference version of this paper.) As seen, the type-B waveform is superior to type-A in terms of I THD at M = 0.60 for P = 9, while the type-A waveform is superior to type-B at the same M for P = 11. Such observations on the relative performances of optimal type-A and optimal type-B is valid in terms of I TDD also, as can be seen from Fig. 6 , which presents the measured motor current waveforms under full-load conditions at the same operating point.
2) Comparison of V W THD : The simulated V W THD values pertaining to the optimal type-A and optimal type-B waveforms are compared in Fig. 7 (a)-(d) for P = 5, 7, 9, and 11, respectively. The comparison indicates that type-A and type-B waveforms are superior to each other in different modulation index ranges. This is confirmed by the measured V W THD values of optimal type-A and type-B waveforms, which are presented in Fig. 8(a) -(d) for P = 5, 7, 9, and 11, respectively. Hence, a combined optimal PWM is proposed. This combined optimal PWM utilizes the superior one between the optimal type-A and optimal type-B at any modulation index as mentioned earlier.
The V W THD of this proposed combined optimal PWM is better than the corresponding PWM scheme in literature [27] . The comparative results for P = 5 and 7 are presented in Fig. 9 . The improvement in harmonic distortion could be attributed to a more rigorous search process over the entire solution space here than in [27] .
B. Comparison of Combined Optimal PWM With SHE PWM and ST PWM
This section compares the combined optimal PWM with SHE PWM and ST PWM at the same pulse numbers. The switching angles for SHE PWM are calculated as given in [27] ; in case of multiple solutions, the one with the lowest V W THD is considered. The dc bus voltage is maintained the same for all the cases, namely 515 V.
1) Harmonic Spectra of Line-Line Voltage:
The measured harmonic spectra of the line-line voltage (v RY ) for the ST PWM, SHE PWM, and the combined optimal PWM are presented in Fig. 10(a)-(c) , respectively, for P = 5 at M = 0.70 and fundamental frequency (f 1 ) of 35 Hz. The harmonic spectrum of ST PWM is found to have triplen harmonics due to the absence of three-phase symmetry in the pole voltages. The triplen harmonics are absent in the combined optimal PWM as well as SHE PWM. The fifth harmonic is seen to be eliminated while the seventh harmonic is high with SHE PWM. On the other hand, both fifth and seventh harmonics are low with the combined optimal PWM.
2) Line Current Waveform: Fig. 11 shows the measured line current waveforms under no-load conditions corresponding to Fig. 10 . The line current ripple is quite high with ST PWM, as shown in Fig. 11(a) . The current ripple is visibly reduced with SHE PWM and optimal PWM, as shown in Fig. 11 . The motor current THD is minimum with the combined optimal PWM. The line current waveforms, corresponding to Fig. 10 , under full-load conditions are shown in Fig. 12 . As seen, the I TDD is minimum with the combined optimal PWM.
3) Comparison of Measured V W THD and I THD :
The V /f ratio is maintained at its rated value. Since the maximum modulation index is limited to M = π 4 in case of ST PWM, the fundamental frequency is also limited to 39.25 Hz. Also, in case of SHE PWM, the solutions are not available beyond certain modulation index at each pulse number. Correspondingly, the maximum modulation frequency is also limited. The maximum fundamental frequency is 50 Hz only in case of the combined optimal PWM.
The measured V W THD values of line-line voltage pertaining to optimal PWM, SHE PWM, and ST PWM, are compared over a wide range of modulation index for P = 5, 7, 9, and 11 in Fig. 13(a)-(d) , respectively. The corresponding measured I THD values of line-current are presented in Fig. 14(a)-(d) , respectively.
As seen, the combined optimal PWM is found to be significantly better than ST PWM over the complete range of M . For P = 5, the combined optimal PWM is found to be better than SHE PWM for the higher ranges of modulation index, whereas for P = 7 and 11, the optimal PWM is found to be better than the latter in lower ranges of M . For P = 9, a marginal improvement is observed over the complete range of M with the optimal PWM over SHE PWM. The measured V W THD and I THD values agree well with each other.
IV. SPACE VECTOR ANALYSIS OF OPTIMAL TYPE-A AND TYPE-B PWM METHODS
This section deals with space vector based analysis of optimal type-A and optimal type-B PWM waveforms. The optimal vector sequence is identified for different modulation ranges for each P .
A. Vector Sequences for Type-A and Type-B PWM
Three-phase pole voltages can be viewed in terms of inverter states. Fig. 15 shows the eight inverter states (i.e., six active states and two zero states) [38] . The complete fundamental cycle is divided into six sectors [38] . For P = 5 and M = 0.70, the sequence of vectors applied by the optimal type-A PWM in sector I is 1 − 0 − 1 − 2 − 7 − 2; the sequence in case of optimal type-B waveform is found to be 0
The sequences pertaining to optimal type-A and optimal type-B in the different ranges of modulation for P = 5 are listed in Table II . Similarly, the sequences for P = 7 are tabulated in Table III . The sequences in the other sectors can be obtained based on symmetries [38] . Space vector analysis shows that both optimal type-A and optimal type-B employ only the two active vectors that are nearest to the fundamental voltage vector. In sector I, 0, 1, 2, and 7 are the states employed. Furthermore, zero state 7 is not used in the first half, and zero state 0 is not applied in the second half of sector I.
The initial state of sector I is either 0 or 1. The initial state is 0 for type-A waveform with odd-valued N (see Table III , for example) and type-B waveform with even valued N (see Table II , for example). Similarly, the initial state is 1 for type-A waveforms with even N and for type-B waveforms with odd N (see Tables II and III) . The switching transition at the middle of sector is always from 1 to 2 with optimal type-A PWM, while it is from 2 to 1 with optimal type-B.
B. Optimal Vector Sequence
Between the vector sequence of optimal type-A and that of optimal type-B, the one that leads to lower THD is the optimal sequence at the given M . Comparison of V W THD of optimal type-A and optimal type-B for various pulse numbers is shown in Figs. 7 and 8 . The optimal vector sequences are tabulated in Tables II and III for P = 5 and 7, respectively. Regarding the inverter states used, the observations made with regard to type-A and type-B waveforms are valid here. The optimal vector sequences can be found similarly for any other P .
C. Switching Transitions
In the optimal vector sequences in Tables II and III, only one phase switches for a transition between two states. Out of the total (2N + 1) state transitions in a sector, only one transition is between the two active vectors at low modulation indexes, as seen from Tables II and III. The number of transitions between the active vectors (N aa ) increases in steps of 2 with M ; at the highest modulation range close to six-step operation, all (2N + 1) transitions are between the active states. Correspondingly, the number of transitions between an active state and a zero state in a sector (N az ) reduces from 2N to 0 in steps of 2. These observations are generalizations of the findings in Tables II and  III . The optimal vector sequence for each modulation range is indicated by a sequence code. This code consists of P and N aa in an ordered pair. Fig. 16 presents a map of the optimal vector sequence on the pulse number P versus modulation index (M ) plane. For any P , the optimal vector sequence changes from one modulation range to another. The boundaries between the modulation ranges where the optimal vector sequence changes are indicated by dots within circles for each P . The figure shows the increase in the number of transitions between the two active vectors (N aa ) from 1 to (2N + 1) from low to high modulation indexes at each P .
D. Optimal Vector Sequence Map
The modulation indexes at which N aa changes from one value to another (say, 1-3) for the different pulse numbers are joined by dotted curves in the figure.
V. ALTERNATIVE METHOD FOR DETERMINATION OF OPTIMAL SWITCHING ANGLES
The space vector based analysis and identification of optimal vector sequences, discussed in the previous section, leads to an alternative way of determining the optimal switching angles with much reduced computational effort.
A. Identification of Optimal Vector Sequence
For the optimal vector sequences, the initial state in sector I is either 0 or 1; also, the zero state 7 is not used in the first half of sector I, while 0 is not employed in the second half, as observed earlier.
With the above constraints, (N + 1) vector sequences can be constructed for any N . Each of these vector sequences is the optimal sequence in certain range of modulation index for the pulse number, P = (2N + 1). The modulation range in which each of the sequences is optimal can be identified from Fig. 16 . Thus, the optimal vector sequence can be identified at any M for a given P .
B. Optimal Switching Angles
Once the optimal vector sequence is identified for given M and P , the corresponding optimal switching angles are no longer required to be searched over the entire solution space
• . For each vector sequence, the possible ranges of switching angles are much restricted as indicated by Tables IV and V for P = 5 and 7, respectively. This helps in obtaining the optimal switching angles to minimize THD in much shorter time. The time consumed to find the optimal solution in the whole search space (as in Section II) and that in the reduced search space with knowledge of the optimal sequence are tabulated for a few cases in Table VI . The computation are carried out through C-programs on a INTEL XEON processor E5 (E5-6260, QPI 7.2 GT/s) based workstation. The reduction in the search time for optimal solution helps faster implementation of optimal PWM for high-power and/or high-speed drives. Further, once the optimal sequence is chosen, the harmonic performance of the drive would be reasonable even if the switching angles are not optimal (but satisfy the modulation index constraint).
VI. OPTIMAL PWM FOR IM DRIVE
This section proposes a hybrid optimal PWM for an IM drive, whose base fundamental frequency is 50 Hz and maximum switching frequency is limited to 250 Hz. ST PWM is used at fundamental frequencies lower than 20 Hz. Optimal vector sequences are deployed at higher speeds.
A. Proposed Hybrid Optimal PWM
The variation of switching frequency against f 1 for the proposed hybrid PWM is shown in Fig. 17 . The proposed hybrid PWM operates at a constant switching frequency of 250 Hz with ST PWM up to f 1 = 20 Hz. At any higher fundamental frequency, the pulse number is chosen without exceeding the maximum switching frequency constraint as indicated by Fig. 17 and Table VII. The modulation index is chosen to maintain the desired V /f ratio (i.e., rated value). For each given P and M , the optimal vector sequence is chosen as explained in the previous sections and summarized in Fig. 16 . The optimal vector sequences deployed in the different speed ranges are shown in Table VII .
B. Comparison With ST PWM
The proposed optimal PWM drive is implemented on FPGAbased controller board for operating the motor with open-loop V /f control. This is compared with ST PWM with a constant switching frequency of 250 Hz. Since the maximum modulation index is limited with ST PWM, a higher dc bus voltage of 655 V is used in this case. However, the dc bus voltage is only 515 V with the proposed hybrid optimal PWM.
The measured V W THD is compared in Fig. 18(a) . As seen, the proposed optimal PWM is found to reduce the V W THD significantly as compared to ST PWM. This is further confirmed by the measured values of I THD in Fig. 18(b) . The reduction in I THD is also reflected in reduction in P Loss of the motorgenerator set at no load. The same is shown in Fig. 18(c) .
At the highest speed, the V W THD is reduced to 4% with the proposed PWM, from 10% in case of ST PWM. Also, the noload power loss at the highest speed reduces to 5% from 20% in case of ST PWM. The motor current THD and power loss in motor-generator set are also compared at different loading conditions at f 1 = 45 Hz in Table VIII . The proposed PWM is found to be significantly better than the ST PWM in both the respects.
VII. CONCLUSION
Optimal PWM to minimize line current THD is examined at pulse numbers of 5, 7, 9, and 11, considering both type-A and type-B waveforms. Optimal switching angles for P = 5, 7, 9, and 11 are presented. Performance of optimal type-A and optimal type-B PWM schemes are compared at all pulse numbers. The comparison is based on simulation results as well as experimental results, on a 3.7 kW IM drive. Both optimal type-A and optimal type-B perform better than the other over different ranges of modulation index at each pulse number. The two schemes have their own modulation ranges of superior performance. Deployment of the combined optimal PWM yields better THD than SHE PWM and ST PWM, as shown by simulations and experimental results.
The optimal type-A PWM, the optimal type-B PWM, and the combined optimal PWM are analyzed from a space vector perspective. This study leads to the determination of optimal vector sequences in different modulation ranges for different pulse numbers. Knowledge of the optimal vector sequence reduces the time for determination of the optimal switching angles by orders of magnitude. This helps quick implementation of optimal PWM in motor drives with constrained pulse numbers.
A hybrid optimal PWM is proposed to minimize the THD of line current in a motor drive with maximum switching frequency restricted to 250 Hz. Compared to ST PWM with a constant switching frequency of 250 Hz, the proposed PWM method is shown to reduce the motor losses and THD significantly at different speeds and load conditions.
